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1. Introduction

There has been considerable interest in the open spin-1/2 XXZ quantum spin chain with
general integrable boundary terms [, B, whose Hamiltonian can be written as

N-1
1
H = 3 (ofor \ +oYol | +coshn ofos, )
n=1
1
5 sinh 7 { coth a_ tanh 3_o7 + cosech a_ sech _( cosh§_of + isinh 0_o?)

— coth ay tanh By 03 + cosech ay sech B4 (coshf0% +isinh6,0%)|, (1.1)

where 7 is the bulk anisotropy parameter, and a4 , 3+ , 60+ are free boundary parameters.!

Except for the special case a4 or B+ — oo when the boundary terms become di-
agonal [J-H]|, the boundary terms break the bulk U(1) symmetry generated by SZ; i.e.,
the model has no continuous symmetry. For generic values of boundary parameters, this
model does not seem to have a simple pseudovacuum, which precludes constructing a

!Under a global spin rotation about the z axis, the bulk terms remain invariant, and the boundary
parameters 01 become shifted by the same constant, 6+ — 04 + const. Hence, the energy (and in fact, the
transfer matrix eigenvalues) depend on 04 only through the difference 6— — 6.



conventional algebraic Bethe Ansatz solution. Being associated with the spin-1/2 rep-
resentation of Uj,(su(2)), this model is but the simplest of an infinite hierarchy of more
complicated integrable quantum spin chains involving higher-dimensional representations
and/or higher-rank algebras. Hence, solving the former model is presumably a prerequisite
for solving any of the latter ones. This model also has numerous applications in statistical
mechanics, condensed matter and quantum field theory.

A Bethe Ansatz solution of this model was found in [[J—[] for the case that the bound-
ary parameters obey the constraint

1—¢
2

a_ +e10- + esay + e384 =¢€9(0- — 04) +nk + 2ir  mod (2im), e€1e2e3=+1, (1.2)
where ¢; = 1, and k is an integer such that |k| < N—1and N —1+k is even. Completeness
of this solution is not straightforward, as two sets of Bethe Ansatz equations are generally
needed in order to obtain all 2V levels [§]. Related work includes [[[0—[6].

There remained the problem of solving the model ([L.1]) when the constraint ([.9) is not
satisfied. Building on earlier work [[[7, [[§], we recently proposed in [[J] a solution of the
model for arbitrary values of the boundary parameters, provided that the bulk anisotropy
parameter has values

v

=, 1.3
p+1 ( )

n
where p is a positive integer. Hence, ¢ = € is a root of unity, satisfying ¢+ = —1.

As is well known, for both the closed chain and the open chain with diagonal boundary
terms, the eigenvalues of the Hamiltonian (and more generally, the transfer matrix) can
be expressed in terms of zeros (“Bethe roots”) of a single function Q(u). This is in sharp
contrast with the solution [[[J], which involves multiple Q functions, and therefore, multiple
sets of Bethe roots. The number of such @) functions depends on the value of p. (Generalized
T — @ equations involving two such @ functions first arose in [[§] for special values of the
boundary parameters.)

The solution [[[J] has additional properties which distinguish it from typical Bethe
Ansatz solutions: the @ functions also have normalization constants which must be deter-
mined; and the Bethe Ansatz equations have a nonconventional form. Given the unusual
nature of this solution, one can justifiably wonder whether it provides a practical means
of computing properties of the chain in the thermodynamic (N — oo) limit. To address
this question, we set out to compute the so-called boundary or surface energy (i.e., the
order 1 contribution to the ground-state energy), which is perhaps the most accessible
boundary-dependent quantity. For the case of diagonal boundary terms, this quantity was
first computed numerically in [[f], and then analytically in [2q].

We find that the boundary energy computation is indeed feasible. The key point is
that, when the boundary parameters are in some suitable domain, the ground-state Bethe
roots appear to follow certain remarkable patterns. By assuming the strict validity of these
patterns (“string hypothesis”), the Bethe equations reduce to a conventional form. Hence,
standard techniques can then be used to complete the computation. We find that our



final result (B.2§) for the boundary energy coincides with the result obtained in [R] for
the case that the boundary parameters obey the constraint ([L.2), and in R3] for special
values [[7, [[§] of the boundary parameters at roots of unity.

The outline of this paper is as follows. In section [}, we briefly review the Bethe Ansatz
solution [[[9] of the model ([L.1) at roots of unity ([.3). In section [, we treat the case of
even p, followed by the case of odd p in section [l. This is followed by discussion of our
results and a brief outline of our future work in section f.

2. Bethe Ansatz

In this section, we briefly recall the Bethe Ansatz solution [[1d]. In order to ensure hermitic-
ity of the Hamiltonian (1.1), we take the boundary parameters (1 real; aey imaginary; 64
imaginary. We begin by introducing the Ansatz for the various @Q(u) functions that appear
in our solution, which we denote as a;(u) and bj(u):

2M, 2M,

() = A5 [ shu—®), by = B, [T snbia— "),
k=1 k=1
) p+1
]zl,...,LTJ, (2.1)

where {uéaj ) ,ug)j )} are the zeros of aj(u) and b;(u) respectively, and | | denotes integer
part. If p is even, then there is one additional set of functions corresponding to j = g +1,

M,
T (a ) (a )
g a0) = Ag T st = o5 s+ 5,
k=1
M,
: (bpia) . (bp 1)
bya(u) = By [ sioh(u—wy * ) sinh(u+ *7) (2.2)
k=1

The normalization constants {A;, B;} are yet to be determined.? We assume that N is
even, in which case the integers M, , M} are given by

N N
Ma:5+2pa Mb:§+p—1, (2.3)

It is clear from (R.), (2:3) that a;(u) and b;(u) have the following periodicity and crossing

properties,

aj(u+1im) = a;(u), bi(u+im) =bj(u), j=1,...

a§+1(—u) = a%Jrl(u)a bg+1(—u) = bg+1(u)- (2.5)

20One of these normalization constants can be set to unity.



The zeros of the functions {a;(u)} and {bj(u)} satisfy the following Bethe Amnsatz

equations

ho(—ul™ —m) A ™) ar(=af™) + g1 (u{™) Y (u{*)2 by (—u\™))

a - a a a ’ (26)
ho(uf ™) 205 (™) ha(—u{ =) TIo_y P (™ + k)
(@) _ (a)
h(—wu, 7’ — . J
Ea.?l % l(uia.)), J=2, 51+ 1, (2.7)
h(u; "+ (7 = 1)n) aj41(u; )
and
ho(=u™ —m) _—Al™) bi(=u™) + g1 (™) ar(—ui™) 28)
ho(u™) 205 (ug™) ha(—u™ =) TI0, ha(u™ + kn)
®) (b))
h _ 1) __ b,i J
Cu” =gm) __bimalw ") j=2. 15+, (2.9)

b; . bi)y
h” + G = 1) b))
where a§+2(u) = a%(—u) and ap+3(u) = ap+1(—u) for even and odd values of p, respec-
2 2

tively, and similarly for the b’s. Moreover,
B(u) = ho(u) hi(u), (2.10)

where ho(u) and hq(u) are as follows

. inh(2u + 2n)
b — 2V sin
0(1) = sink? () S ST
hi(u) = —4sinh(u + a_) cosh(u 4+ (- ) sinh(u 4+ a4 ) cosh(u + B4 ) . (2.11)
We also define the quantities
g1(u) = 2sinh(2(p + 1)u) (2.12)
and
2
Y (u)? = Zuk cosh®(2(p + 1)u) . (2.13)
k=0

Explicit expressions for the coefficients py, in (R.13), which depend on the boundary pa-
rameters, as well as for the function fi(u), are listed in the appendix for both even and
odd values of p.

Moreover, there are additional Bethe-Ansatz-like equations

al(g) = az(—g), (2.14)
. . . P
aj-1((5 = = aja((G = 7)), 7=2,....[5]+1, (2.15)
which relate the normalization constants {A;}; and also
n n
bi(y = by (=2 2.1
() = -y, (2.16)
1 . 1 . . p
bji—1((5 —dm) = bin((5 =5, G=2,....[5)+1, (2.17)



which relate the normalization constants {B;}. There are also equations that relate the

normalization constants Ay and By, such as

fil=a— =n) bi(a-+n) = —gi(—a- —n) ar(a- +n). (2.18)
The energy eigenvalues of the Hamiltonian ([L.1)) are given by

2M,
1 v .
E = 3 sinh 7 E [coth(ul(bj) +(—1)n) — coth(ul(brl) +(j— 1)77)] + Ey,
=1

p+1

51 (2.19)

i=2,...,
where Ej is defined as
1 1
Ey = 3 sinh 7 (coth a— + tanh 8_ + coth g + tanh 54 ) + §(N —1)coshn. (2.20)

For even p, there is one more expression for the energy corresponding to j = & +1,

1 M (p1)  pn (e pn
E = §sinh77 Z [coth(ul 24 7) —coth(y, *° — 7)

=1
2M, (

- Z coth(u,
=1

b
%)+%)}+Eo. (2.21)

There are also similar expressions for the energy in terms of a roots {ul(aj )} 9.

3. Even p

In this section, we consider the case where the bulk anisotropy parameter assumes the
values ([L.3) with p even, i.e., n = %r , %’T , ... We have studied the Bethe roots corresponding
to the ground state numerically for small values of p and N along the lines of [§]. We have
found that, when the boundary parameters are in some suitable domain (which we discuss
further below eq. (B.29)), the ground state Bethe roots {uglj ),ug)j )} have a remarkable
pattern. An example with p = 2, N = 4 is shown in figure [ Specifically, these roots
can be categorized into “sea” roots, {v:(aj), v:(bj )} (the number of which depends on N)
aj,l)’wi(bj)} (
k

and the remaining “extra” roots, {w:( the number of which depends on p)

according to the following pattern which we adopt as our “string hypothesis”.

3.1 Sea roots {v]f(“f) ,v:(bj)}

Sea roots of all {a;(u),b;(u)} functions for any even p are summarized below,

. . 2 3—25 N
vl:ﬁl:(aj):v;t(bj):iﬂk_F(%)n’ k;:l’_”,E,

jzl,...,g+1, (3.1)

where 7, are real and positive. In figure [l], the sea roots are indicated with red stars.
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Figure 1: Ground-state Bethe roots for p = 2, N =4, a_ = 0.6047, oy = 0.5354, f_ = —1.882,
B+ =1.878, 0_ = 0.6i, 6+ = 0.7i.

Note that the real parts (£0;) are independent of j. This, as we shall see, greatly
simplifies the analysis. Furthermore, for each sea root with real part 47y, there is an
additional “mirror” sea root with real part —oy, for a total of N sea roots, provided
j# 541 For j =& +1, there are only % sea roots +vy + % (i.e., just the root
with positive real part) due to the crossing symmetry (R.J) of the functions ap +1(u) and

3
b%ﬂ(u)-

3.2 Extra roots {w,f(aj’l) ,w,f(bj)}

We next describe the remaining extra Bethe roots for even p, the number of which depends
on the value of p. In figure [, the extra roots are indicated with black circles. Since the
functions a;j(u) and b;(u) have a different number of such extra roots, we present them

separately. The extra roots of the b;(u) functions have the form

. 2p+1—2k
w:(bj) :iwk+<%>n, k=1,...,p—1,

+1. (3.2)

3Hence, strictly speaking, we should write the j = £ + 1 equation in (EI) separately, keeping only the
+ roots. However, in order to avoid doubling the number of equations, we commit this abuse of notation
here and throughout this section.



The real parts of the roots, wy, are not all independent. Instead, they are related to each
other pairwise as follows,

Wy = Wy k:1,...,§—1. (3.3)

Only ﬁ;g remains unpaired. This property proves to be crucial for the boundary energy
calculation.

There are two types of extra roots of the a;(u) functions:
. . 2p+1 -2k
w:(a171):w:(bj)::|:’tl~)k—{—<p+ >77, k=1, .p—1,

2
2 3 —2k
iﬁ}o#—(%

+(a;,2
w (a;,2) _

k - )TI? k:177p+17

j=1,...,2+1. (3.4)

p
2
Note that the extra roots of the first type {w:(aj’l)} coincide with the b roots {w:(bj )};
and that the extra roots of the second type {w:(am)} form a “(p + 1)-string”, with real
part wy.

As previously remarked, for j = £ + 1, only the roots with the + sign appear.

3.3 Boundary energy

We now proceed to compute the boundary energy. Using the expression (2.19) for the
energy and our string hypothesis, we obtain (for p > 2)

N
1 2 . (b
E = 3 sinhn{ [coth(vlj(b]) + (j — 1)n) + coth(v, ®5) 4 (7—1mn)
k=1
— coth(v:(bjfl) +(j—1)n) — coth(v,;(bj’l) +(j — 1)77)}
p—1
+Z [coth(w,—:(bj) +(G-1n)+ Coth(w,;(bj) +(G—=1)n)
k=1

— coth(wz(bj_l) +(G—-1n) — Coth(wk_(bj_l) +(— 1)77)} } + Ey,

. p
=2,...,=. 3.5
J=2035 (3.5)
Recalling (B.1]) and (B.d), this expression for the energy reduces to
N
- 1
E = sinh? S— — +Ey, >0, 3.6
nkzzl sinh(0y, — 4) sinh (0 + %) 0 b (36)

(bj)

independently of the value of j. Since the extra roots w,’’ are independent of j, their
contribution to the energy evidently cancels, leaving only the sea-root terms in (B.6). The
same result can also be obtained (for p > 2) from the energy expression (R.21).



We turn now to the Bethe Ansatz equations, on which we must also impose our string

(by) +g 1)

hypothesis. Choosing j = £ +1 in (B-9) with u; 77 equal to the sea root v, =+ %r,
we obtain
h(—% — 2 by (0, + )
=5 n2):— 2 ~ (3.7)
h(’l)l - 5) %( - 3)
where we have made use of the fact bg yol(u) = g( u). More explicitly, this equation reads
sinh(9; + 4) 2N sinh(29; + n) sinh(9; — 4 + a_) cosh(¢; — 4 + 3_)
sinh(9; — %) sinh(29; — n) sinh(9; + 4 — a_) cosh(t; + 4 — )

N
y sinh(9; — 4 4+ o) cosh(v; — 3 + f4) _ ﬁ sinh(; — 0k + n) sinh(0; + 0, + 1)
sinh(9; + 4 — o) cosh(t; + 3 — () Pt sinh(9; — v —n) sinh(¢; + 0 — )’
I=1,- e > 0. (3.8)

1y
In obtaining this result, we have made use of the fact that the normalization constant B p
of the function bg (u) cancels, and also that the contribution from the extra roots on the
r.h.s. cancel as a consequence of the relation (B.3) among their real parts.

Remarkably, as a consequence of our string hypothesis, our non-conventional Bethe
Ansatz equations have reduced to a conventional system (B.§), which can be analyzed by
standard methods. However, before proceeding further with this computation, it is worth
noting that the same equations can also be obtained starting from any j > 1. To see this,
we first observe that the {A;} normalization constants are all equal, and similarly for the
{B;} normalization constants,

A1:A2:...:A%+1, B1:B2:...:B§+1. (39)

This result follows from the Bethe-Ansatz-like equations (2.14)—(R.17) and the string hy-
pothesis. For example, using (B.1]) and (B.2) in (R.16), and remembering the relation (B.9)
among the real parts of the extra roots, we obtain By = Bs. Hence, choosing ul(bj ) in (X))

+(b5)

to be a sea root v, for any j € {2,...,5 + 1}, we again arrive at (B.§). Moreover, in

view of the 1dent1ty

aj_ 1(Ul+(aj)) _ b] l(v;r(b ))

aj+1(vl+(aj)) bj+1(vz+(bj)) ,

where vf(aj) = v;_(bj ) is a sea root, the same result (B.§) can also be obtained from (R.7).4

In the thermodynamic (N — oo) limit, the number of sea roots becomes infinite. The

j=2,...,=-+1, (3.10)

(NS

distribution of the real parts of these roots {0y} can be represented by a density function,
which is computed from the counting function. To this end, following [R1], 3] and references
therein, we define some basic quantities

B sinh,u()\—l— %) i cosh,u()\+ %)

. W) = eVt —) = ———— 22 3.11
sinhp (A — &) 9 (%) = enl 2u) cosh (A = 7) 1

4Only the first set of Bethe equations (@), @) do not seem to reduce to (@)



which allow us to rewrite the Bethe Ansatz equations (B.§) in a more compact form,

a_—1(A as—1(A
e (PN gy (3 =00 Conetlh)

gr+2ib_ (N) g1+2ib (A1)

e2(Ar — k) ea( N+ Ax)

T

N
=1, . —
) 727

(3.12)
where we have set U, = puA;, n = tp,ar = ipay , B+ = puby. Note that the parameters p,
a+, by are all real.
Taking the logarithm of (B.19), we obtain the desired ground state counting function
1
h(A) = 2—{(2N + D)gi(A) +71(A) + g2a_—1(A) = rig2ib_ (A) + q2ay—1(X) — F142ip, (V)

T
N

2

=D a0 = M)+ e+ ) | (3.13)
k=

—_

where ¢,(A) and r,()\) are odd functions defined by
¢n(\) = T+ ilne,(\) = 2tan ! (cot(nu/2) tanh(uN)) ,
T (

A) =ilng,(A). (3.14)
Defining A_, = — g, we have
N N
2 2
— [qg()\ — )\k) + QQ()\ + )\k)] = — qg()\ — )\k) + QQ()\) . (3.15)
k=1 k:,%

The root density p(A) for the ground state is therefore given by

p0) = 3 =20 = [V (= X) o) + [ () = (Y

+az(A) + aga_—1(N) = biy2ip_(A) + aza, —1(N) — b1+2ib+()\)} ; (3.16)

where we have ignored corrections of higher order in 1/N when passing from a sum to an
integral, and we have introduced the notations®

1.d o sin(npu)
an(A) = 27 d)\qn()\) ~ mcosh(2u\) — cos(npu)’
1 d W sin(npu)
by(\) = — g (A) = —H . 1
) om X\ ) 7 cosh(2uX) + cos(np) (3.17)

The solution of the linear integral equation (B.16) for p(\) is obtained by Fourier transforms
and is given by®

() = 25()) + %R()\) , (3.18)

®These new functions a,(\) and b,()\) should not be confused with the @ functions a;j(u) and bj(u)
appearing earlier. We apologize for this unfortunate coincidence of notations.

6 Our conventions are



where

I 1 o
s(\) = 2 /OO dw ¢ AQCosh(w/Q) ~ 2cosh(m)\)’ (3.19)
and
R(w) = m{dﬂw) + b1 (W) + a2(w) — bigop_ (w) — bisaum, (W)
20 1() + 20, 1)} (3.20)
with

sinh ((v — |n|)w/2)

an(w) = sgn(n) b (w/2) 0<|n|<2v, (3.21)
by (w) = —%, O<Ren<v, (3.22)

where v = ﬁ =p+1.

Expressing the energy expression (B.) in terms of the newly defined quantities and

letting N become large, we obtain
N

27 SiN 1 T sin
E=- MZCH()%)%-EOZ— 'u{
Y 1 Y

a1(\) = a1(0) } + Eo

ZMw\z

k=—2

msinp

= TS [ an ) o) a0} + 5N - Deosi

1
—1—5 sin p (cot pa—_ + i tanh pb_ + cot pay + i tanh pby) | (3.23)

where again we ignore corrections that are higher order in 1/N. Substituting the re-
sult (B-1§) for the root density, we obtain

E = Epux + Eboundary ) (324)

where the bulk (order N) energy is given by

ONTsinp [ 1
Epux = —$/ dX\ a1 () s(A) + §N COS U
= — N sin? /OO d\ ! + lN cos (3.25)
B a oo |cosh(2uX) — cos p] cosh(mA) 2 o '

which agrees with the well-known result [23]. The boundary (order 1) energy is given by
T sin
i

where [ is the integral

I= / T AN () RO — 5] = = / " an () [R(w) ~ 1}

1 1
FEhoundary = — I- 5 cos L+ 3 sin p(cot pa—+itanh pub_ +cot pay +itanh pby), (3.26)

e o) o
LT s () +hi(w) -1
o) 1 1
—b142ib_ (W) — biyain, (W) + a2q_—1(w) + d2a+—1(w)} : (3.27)

,10,
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Figure 2: Shaded area denotes region of the (3m a4 ,Sma_) plane for which the ground-state
Bethe roots obey the string hypothesis for p = 2, N = 2, f_ = —1.882, g, = 1.878, _ = 0.64,

-3 -2.5 -2 -1.5 -1 -0.5

Figure 3: Shaded area denotes region of the (3, , 5_) plane for which the ground-state Bethe roots
obey the string hypothesis for p =2, N =2, a_ = —1.818¢, a = 2.9594, 6_ = 0.7¢, 0, = 0.6:.

We further write the boundary energy as the sum of contributions from the left and right
+ B

boundary " The energy contribution from each bound-

boundaries, Epoundary = Fp oy, dary

ary is given by
sinp [ 1 sinh((v —2)w/4) 1
- N / e 2 cosh(w/2) { 2sinh(vw/4) 2
sinh((v — |2ax — 1|)w/2)  sinh((2ib+ + 1)w/2) }
sinh(vw/2) sinh(vw/2)

boundary 9 L

—00

+sgn(2a4 — 1)
1 . 1
—}—5 sin p (cot pay + i tanh pby) — 7 oS H- (3.28)

This result can be shown to coincide with previous results in 1], PJ.

We emphasize that the result (B:2§) has been derived under the assumption that the
Bethe roots for the ground state obey the string hypothesis, which is true only for suitable
values of the boundary parameters. For example, the shaded areas in figures f and
denote regions of parameter space for which the ground-state Bethe roots have the form
described in sections B.1 and B.3. The a and 81 parameters are varied in the two figures,

respectively.

4. Odd p

In this section, we consider the case where the bulk anisotropy parameter assumes the
values ([.3) with p odd, i.e., n = % , %T ,.... As for the even p case, for suitable values

— 11 —
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Figure 4: Ground-state Bethe roots for p = 3, N =4, a_ = 1.554i, ay = 0.948i, f_ = —0.214,

By =0.186, 6_ = 0.6i, 6, = 0.7i.

of the boundary parameters, the ground state Bethe roots {u,(:j ),u,(gbj )} have a regular
pattern. An example with p = 3, N = 4 is shown in figure [l. As before, these roots can
be categorized into sea roots (the number of which depends on N) and extra roots (the
number of which depends on p) according to the following pattern which we adopt as our
“string hypothesis”.

4.1 Sea roots {vki(aj),vki(bj)}

Sea roots of all {a;(u),b;(u)} functions for odd p are given by

) ) 2 -2 N
@) _ ) _ iﬁk+< p+3 J)

k Yk
1

j=1,...
J ) 2

(4.1)

where 0, are real and positive. In figure [, the sea roots are indicated with red stars.

As in the even p case, the real parts (£0y) are independent of j. This again provides
simplification to the analysis. In contrast to the even p case, now none of the functions
{a;(u),bj(u)} has crossing symmetry. Hence, there are N sea roots for all values of j.

4.2 Extra roots {w, (aj.L ,wlibj)}

We now describe the extra Bethe roots for odd p. In figure |, the extra roots are indicated
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with black circles. We start with the p — 1 extra roots of the bj(u) functions:

wp" = 2@+ (p—k)n,  k=1,...,p-2,
(b ) +2-2j , +1
wp,(f) = :l:wpfl‘{' <]%>77, J= 1, >pT‘ (42)

Similarly to the even p case, the real parts of the extra roots are related to each other
pairwise,

W= Tp_p1, k=1, ,—, (4.3)

so that only wp-1 remains unpaired.
2

Similarly, the extra roots of the a;(u) functions are as follows,

w:(aj’l):w:(bj)::tzbk%—(p—kz)n, k=1,....,p—2,

+(az,1) (b)) . p+2-2j

W = :iwpht(# :

+(a;,2) | ~ _ - p+1

w), =two+ (p+1—-Kk)n, k=1,...,p+1, ]—1,...,T. (4.4)

As in the even p case, the extra roots of the first type {w,f(aj ’1)} coincide with the b roots

{w:(bj)}. Moreover, the extra roots of the second type {w:(aj’Q)} form a “(p + 1)-string”,
with real part .

(aj71)
p—1

) depend on the value of j. Hence, as we shall see, these extra roots will not cancel

However, in contrast to the even p case, some of the extra roots (namely, w and

(b5)
p—1
from either the energy expression or the Bethe equations. Nevertheless, the contribution

w

of these roots to the boundary energy will ultimately cancel.

4.3 Boundary energy

As in the case of even p, we use the energy expression (R.19) and the string hypothesis to
obtain (for p > 3)

w2

1 . (b
E = 3 sinhn{ [coth(vlj(b]) + (j — 1)n) + coth(v, ®5) 4 (7—1n)

k=1
— coth(v:(bjfl) +(—1)n) - coth(v,;(bjfl) +(j— 1)77)}
p—1
+Z [coth(w,—:(bj) +(G-1n)+ COth(w;;(bj) + (G —1)n)
k=1

— coth(wz(bj_l) +(G—-1n) — Coth(wk_(bj_l) +(— 1)77)} } + Ey,

1
j:2,...,1%. (4.5)
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Recalling (1)) and ([£.3), this expression for the energy reduces, independently of the value
of 7, to
i 2
2 1 2sinh*n
E = sinh® -
S ; sinh(0y, — &) sinh(0, + )  coshn + cosh(2w,—1)

=+ EQ R (46)

where U, ,Wp—1 > 0. As already anticipated, the expression for the energy depends on the
extra root w,—1 as well as on the sea roots.

Turning now to the Bethe Ansatz equations, following similar arguments as for the
even p case, we find again that the A normalization constants are all equal, and similarly
for the B’s,

A1:A2:...:Ap+1, Bi=By=...=Bpq:. (47)
2 2
L (b5) - . +(b;) : pt1 .
Choosing u; 7’ in (2.9) to be a sea root v, for any j € {2,... , %5}, we obtain

(sinh(f}l + g))ZN sinh(29; + n) sinh(?; — 3 + a_) cosh(t; — 4 + ()

sinh(9; — %) sinh(20; — n) sinh(; + 4 — a_) cosh(t; + 4 — 3-)
sinh(%; — § + ay) cosh(dy — 3 + 34)  sinh(g - u?p,l—p%ln) sinh(; + u?p,l—p%ln)
sinh(3; + § — o) cosh(o + 3 — B4)  sinh(0; — @y +252n) sinh(3) + wp—1+257)

" 1%[ sinh(9; — 0 + n) sinh(9; + 0 + 1) ; N
1 sinh(@l — Vg — 77) sinh(@l + v — 77) ’ ’ 27

Bp ,Wp_1 > 0. (4.8)

In a compact form, this result can be written as

a —1(A1) e2a, —1(N;) < -1
e )N gy () 2a= =t A) €20, — e, 1\ —A) ey 1(0 + X
1( l) g1( l)91+2ib,()\1) 91+2ib+(>‘1) [p 1( : ) b 1( : )]

X

N
ea(N — M) ea( N+ Ag), =1, )

k=

; (4.9)

k=1

where w,_1 = pX. The corresponding ground state counting function is given by

h(A) i{(QN +1)q1(A) +71(A) + q2a_ —1(A) — 71426 (A) + @20 —1(X) — 714216, (N)

- 2T
O = N a1+ D) =S 00— )+ a2(h - Ag)] b (4.10)
k=1

Following similar procedure as before, we arrive at the root density for the ground state

p()\) = 20,1()\) — /OO d)\l ag()\ — )\I) p()\') + % {al()\) + bl()\) + ag()\) (4.11)

—00

+a2ai_1()\) — bl+2ib_ ()\) + a2a+_1()\) — b1+2ib+ ()\) + ap_l()\ — 5\) + ap—l()\ + 5\)] s
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where as before higher order corrections in 1/N are ignored when passing from a sum to
an integral. This yields

1

p(N) = 25(0) + ROV, (4.12)
where now
R(w) = m{@u(w) +b1(w) + G2 (w) — biga_ (W) — biyom, (W)
Hiiga 1 (w) + G20, —1(w) + 2 cos(Aw) ap,l(w)} . (4.13)

The energy expression ([L.6]) yields, as N — oo,

vz

97 si .
E— _ ”m”{ a1 (Me) +b1()\)} + E,
K k

vz |
—_

_ _WSLH,U/{ k;}g al()\k) — a1(0) +2b1(5\)} + Ey

_ _”L“”{N/_Z AX a1(3) p(N) = a1(0) +261(N) } + S(N = D cos p
) -

1

1
—1—5 sin p (cot pa— + i tanh pb_ + cot pa4 + ¢ tanh pby (4.14)
Substituting (f.13) for the root density, we again obtain
E = Ebulk + Eboundary 3 (415)

where the bulk (order N) energy is again given by (B.24). The boundary energy is now
given by

i 1 1
BEboundary = — l SLH Yy 5 cosp + 3 sin p (cot pa— + i tanh pb_ + cot pay + i tanh pby)
27 si -
SR (N, (4.16)

where I is now the integral

I = /OO dX\ a1 (N\) [R(A) —d(N)] = %/OO
— LI dw §(w){d1(w) + Bl(w) -1

2r J o

dw i1 (w) [R(w) - 1]

~byrain (W) — b2, (W) + G2 —1(w) + G20, —1(w) + 2cos(Aw) ap,l(w)} (4.17)

Using the fact that §(w)a,_1(w) = —by(w), we see that there is a perfect cancellation of the
last term in ([£16) which depends on the extra root A. Thus, as in the even p case, there

is no contribution to the boundary energy from extra roots. Proceeding as before, we find
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Figure 5: Shaded area denotes region of the (Sm a4 ,3m «_) plane for which the ground-state
Bethe roots obey the string hypothesis for p = 3, N = 2, g = —0.85, g+ = 0.9, 6_ = 0.61,
0, =0.7i.

Figure 6: Shaded area denotes region of the (84 ,[-) plane for which the ground-state Bethe
roots obey the string hypothesis for p =3, N =2, a_ = 1.2¢, a4 = 0.98¢, 0_ = 0.74, 61 = 0.6:.

that the energy contribution from each boundary is again given by (B.2§), thus coinciding
with previous results in [R1], RJ].

As for even p, the derivation here is based on the string hypothesis for the ground-state
Bethe roots, which is true only for suitable values of boundary parameters. For example,
the shaded areas in figures | and | denote the regions of parameter space for which the
ground-state Bethe roots have the form described in sections [[.]] and [L3. The oy and (4
parameters are varied in the two figures, respectively.

5. Discussion

We have studied the ground state of the general integrable open XXZ spin-1/2 chain ([L.1)
in the thermodynamic limit, utilizing the solution we found recently in [l9]. In contrast
to the earlier solution [J—[], this solution does not assume any restrictions or constraints
among the boundary parameters. However, the bulk parameter is restricted to values
corresponding to roots of unity ([[.3). The key to working with this solution is formulating
an appropriate string hypothesis, which leads to a reduction of the Bethe Ansatz equations
to a conventional form. While the idea of using a string hypothesis to simplify the analysis
of Bethe equations is as old as the Bethe Ansatz itself, the particular patterns appearing

here are perhaps unparalleled in their rich structure.
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The boundary energy result (B.2§) was obtained previously [R1] for bulk and boundary
parameters that are unconstrained and constrained, respectively; and we have now obtained
the same result for the reversed situation, namely, for bulk and boundary parameters that
are constrained and unconstrained, respectively. Hence, this result presumably holds when
both the bulk and boundary parameters are unconstrained (within some suitable domains).
Indeed, for the boundary sine-Gordon model [J], which is closely related to the open XXZ
chain, the expression [4] for the boundary energy is valid for general values of the bulk and
boundary parameters. In view of the spectral equivalence between systems with diagonal
and nondiagonal boundary interactions noted in [[L1], [[5, [Lg], it may be interesting to try to
relate our boundary energy result with the corresponding result [R(] for diagonal boundary
interactions.

Having demonstrated the practicality of this solution, we now expect that it should be
possible to use a similar approach to analyze further properties of the model, such as the
Casimir energy (order 1/N correction to the ground state energy), and bulk and boundary
excited states.

There is an evident redundancy in the solution which we have used here: there are
many equivalent expressions for the energy (see, e.g., (.19), (2.21)), and we find that
the Bethe Ansatz equations (2.7), (B.9) all become equivalent upon imposing the string
hypothesis. Moreover, while there are various “extra” Bethe roots describing the ground
state, they ultimately do not contribute to the boundary energy. All of this suggests that
it may be possible to find a simpler and more economical solution of the model involving
fewer @) functions. Ideally, one would like to find a solution for which neither bulk nor
boundary parameters are constrained.
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A. Expressions for fi(u) and gy

We list here explicit expressions for the function fi(u) and the coefficients uj appearing in
the text. We remind the reader that we assume throughout that NV is even.

For even values of p, the function fi(u) appearing in the Bethe Ansatz equations (R.6)—

®9), (R19) is given by

fi(u) = _23—2p<
sinh((p+1)a_) cosh((p-+ 1)) sinh((p-+ 1)a; ) cosh((p-+1)84 ) cosh®((p + 1)u)
— cosh((p-+1)a ) sinh((p+1)6_) cosh((p+1)a; ) sinh((p-+1)8, ) sinh?((p-+ 1)u0)
— cosh((p+1)(0_—6.)) sinh?((p+1)u) cosh?((p+ 1)u)> . All)
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For odd values of p,

fl (u) — _2372p (
cosh((p+1)ar_) cosh((p+1)A-) cosh((p+1)ar ) cosh((p+1)8s) sinh®((p+1)u)
1

—sinh((p+1)a_) sinh((p-+1)3_) sinh((p+1)ary ) sinh((p-+ 1) ) cosh®((p+1)u)
+cosh((p+1)(6_ —6.)) sinh?((p+1)u) cosh?((p+ 1)u)> (A.2)
For both even and odd values of p, these functions have the properties
filu+n) = fi(w),  fil=u) = fi(u). (A.3)

The coefficients uy, appearing in the function Y (u) (R.13) are given as follows for even
(upper sign) and odd (lower sign) values of p.

po = 24”{ — 1 —cosh?((p+1)(0- — 64))

—cosh(2(p + 1)a—) cosh(2(p + 1)ay) F cosh(2(p + 1)a—) cosh(2(p + 1)5-)

Fcosh(2(p + 1)ay ) cosh(2(p + 1)5-) F cosh(2(p + 1)a—) cosh(2(p + 1)54)
(p + 1)ary) cosh (2(p +1)8-) cosh(2(p + 1)54)

+| cosh((p + 1)(a- + a)) cosh((p + 1)(B- — B))

- cosh((p+ 1)(a — ) cosh((p + (3 + 5,)]

2cosh((p+ 1)(0- — 0,)) [ cosh((p + 1)(a — ) cosh((p+ 1)(3- ~ 55))

2
F cosh(2 2

= cosh((p + 1)(a +ax)) cosh((p + 1)(5- + 34))] } ,

= 21—4p{ cosh((p+1)(a— F ay)) [cosh((p +1)(a- £ ay))

+cosh((p + 1)(B- + ) cosh((p + 1)(0- — 0))]
F cosh((p + 1)(6- F 42)) | cosh((p + 1)(5- + B))
+cosh((p+ 1)(a— + ay)) cosh((p+ 1)(6- — 0+))] } ,
p2 = 2" ®sinh?((p+ 1)(6_ — 6,)). (A.4)

References

[1] H.J. de Vega and A. Gonzdlez-Ruiz, Boundary K-matrices for the six vertex and the
n(2n — 1) A,_1 vertex models, J. Phys. A26 (1993) 1519 [|hep-th/9211114].

[2] S. Ghoshal and A.B. Zamolodchikov, Boundary S matriz and boundary state in
two-dimensional integrable quantum field theory, [Int. J. Mod. Phys. A 9 (1994) 3841|
[hep-th/9306009.

,18,


http://arxiv.org/abs/hep-th/9211114
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA9%2C3841
http://arxiv.org/abs/hep-th/9306002

3]

[4]

[5]

M. Gaudin, Boundary energy of a Bose gas in one dimension, Phys. Rev. A 4 (1971) 386; La
fonction d’onde de Bethe, (Masson, 1983).

F.C. Alcaraz, M.N. Barber, M.T. Batchelor, R.J. Baxter and G.R.W. Quispel, Surface
exponents of the quantum XXZ, Ashkin-Teller and Potts models, ||. Phys. A 20 (1987) 6397.

E.K. Sklyanin, Boundary conditions for integrable quantum systems, |J. Phys. A 21 (1988)

[ 257§

(6]

[10]

J. Cao, H.-Q. Lin, K.-J. Shi and Y. Wang, Ezact solutions and elementary excitations in the
XXZ spin chain with unparallel boundary fields, cond-mat/0212163; Fxact solution of XXZ
spin chain with unparallel boundary fields, Nucl. Phys. B 663 (2003) 487.

R.I. Nepomechie, Functional relations and Bethe Ansatz for the XXZ chain, J. Stat. Phys.
111 (2003) 1363 [hep-th/0211001]|; Bethe Ansatz solution of the open XXZ chain with
nondiagonal boundary terms, [J. Phys. A 37 (2004) 433 [hep-th/0304097).

R.I. Nepomechie and F. Ravanini, Completeness of the Bethe Ansatz solution of the open
XXZ chain with nondiagonal boundary terms, |[J. Phys. A 36 (2003) 11391] [hep-th/030709§],
Addendum J. Phys. A 37 (2004) 1945.

W.-L. Yang, R.I. Nepomechie and Y.-Z. Zhang, @Q-operator and T-Q relation from the fusion
hierarchy, [Phys. Lett. B 633 (2006) 664] [hep-th/0511134].

A. Doikou, Fused integrable lattice models with quantum impurities and open boundaries,
[Nucl. Phys. B 668 (2003) 447 [hep-th/0303205|;

A. Doikou and P.P. Martin, On quantum group symmetry and Bethe Ansatz for the
asymmetric twin spin chain with integrable boundary, |J. Stat. Mech. (2006) P06004
hep-th/0503019;

A. Doikou, The open XXZ and associated models at q Toot of unity, [J. Stat. Mech (2006)

P09010] [hep-th/0603113].

[12]

[13]

J. de Gier and P. Pyatov, Bethe Ansatz for the Temperley-Lieb loop model with open
boundaries, |J. Stat. Mech. (2004) P03002 [hep-th/0312235];

A. Nichols, V. Rittenberg and J. de Gier, One-boundary Temperley-Lieb algebras in the XXZ
and loop models, |J. Stat. Mech. (2005) P03003 |cond—-mat/0411519;

J. de Gier, A. Nichols, P. Pyatov and V. Rittenberg, Magic in the spectra of the XXZ
quantum chain with boundaries at A =0 and A = —1/2, |Nucl. Phys. B 729 (2005) 387
[hep-th/0505062;

J. de Gier and F.H.L. Essler, Bethe Ansatz solution of the asymmetric exclusion process with
open boundaries, Phys. Rev. Lett. 95 (2005) 240601 [cond-mat/0508707).

W. Galleas and M.J. Martins, Solution of the SU(N) vertex model with non-diagonal open
boundaries, Phys. Lett. A 335 (2005) 167 [plin.SI/0407027] ;

C.S. Melo, G.A.P. Ribeiro and M.J. Martins, Bethe Ansatz for the XXX-S chain with
non-diagonal open boundaries, Nucl. Phys. B 711 (2005) 565 [plin.SI/041103§]

W.-L. Yang, Y.-Z. Zhang and M.D. Gould, Fzact solution of the XXZ Gaudin model with
generic open boundaries, [Nucl. Phys. B 698 (2004) 503 [hep—th/041104;

W.-L. Yang and Y.-Z. Zhang, Fzxact solution of the Agllll trigonometric vertex model with
non-diagonal open boundaries, JHEP 01 (2005) 021 [hep-th/0411190];

W.-L. Yang, Y.-Z. Zhang and R. Sasaki, A,,_1 Gaudin model with generic open boundaries,
[Nucl. Phys. B 729 (2005) 594 [hep-th/0507148§];

W.-L. Yang and Y.-Z. Zhang, T-Q relation and exact solution for the XYZ chain with general
nondiagonal boundary terms, [Nucl. Phys. B 744 (2006) 319 [hep-th/0512154].

,19,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPAGB%2CA20%2C6397
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPAGB%2CA21%2C2375
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPAGB%2CA21%2C2375
http://arxiv.org/abs/cond-mat/0212163
http://arxiv.org/abs/hep-th/0211001
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPAGB%2CA37%2C433
http://arxiv.org/abs/hep-th/0304092
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPAGB%2CA36%2C11391
http://arxiv.org/abs/hep-th/0307095
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB633%2C664
http://arxiv.org/abs/hep-th/0511134
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB668%2C447
http://arxiv.org/abs/hep-th/0303205
http://www.iop.org/EJ/abstract/1742-5468/2006/06/P06004
http://arxiv.org/abs/hep-th/0503019
http://www.iop.org/EJ/abstract/1742-5468/2006/09/P09010
http://www.iop.org/EJ/abstract/1742-5468/2006/09/P09010
http://arxiv.org/abs/hep-th/0603112
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JSTAT%2C0403%2CP002
http://arxiv.org/abs/hep-th/0312235
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JSTAT%2C0503%2CP003
http://arxiv.org/abs/cond-mat/0411512
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB729%2C387
http://arxiv.org/abs/hep-th/0505062
http://arxiv.org/abs/cond-mat/0508707
http://arxiv.org/abs/nlin-sys/0407027
http://arxiv.org/abs/nlin-sys/0411038
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB698%2C503
http://arxiv.org/abs/hep-th/0411048
http://jhep.sissa.it/stdsearch?paper=01%282005%29021
http://arxiv.org/abs/hep-th/0411190
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB729%2C594
http://arxiv.org/abs/hep-th/0507148
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB744%2C312
http://arxiv.org/abs/hep-th/0512154

[14]

[15]

[16]

P. Baseilhac and K. Koizumi, A deformed analogue of Onsager’s symmetry in the XXZ open
spin chain, |J. Stat. Mech. (2005) P1000d [hep-th/0507053[;

P. Baseilhac, The g-deformed analogue of the onsager algebra: beyond the Bethe Ansatz
approach, |Nucl. Phys. B 754 (2006) 309 [math-ph/0604034].

A. Nichols, The Temperley-Lieb algebra and its generalizations in the Potts and XXZ models,
V. Stat. Mech. (2006) P01009 [hep-th/0509069]; Structure of the two-boundary XXZ model
with non-diagonal boundary terms, [J. Stat. Mech. (2006) L02004 [hep-th/0512273].

Z. Bajnok, Equivalences between spin models induced by defects, |J. Stat. Mech. (2006

P0601( [hep-th/0601107].

[17]

R. Murgan and R.I. Nepomechie, Bethe Ansatz from functional relations of open XXZ chain
for new special cases, |J. Stat. Mech. (2005) P05007 [hep-th/0504124], Addendum J. Stat.
Mech. (2005) P11004.

R. Murgan and R.I. Nepomechie, Generalized T-Q relations and the open XXZ chain,

Mech. (2005) P08002 [hep—th/0507139].

R. Murgan, R.I. Nepomechie and C. Shi, Fzact solution of the open XXZ chain with general
integrable boundary terms at roots of unity, J. Stat. Mech. (2006) P0800d [hep-th/0605223].

C.J. Hamer, G.R.W. Quispel and M.T. Batchelor, Conformal anomaly and surface energy for
Potts and Ashkin-Teller quantum chains, J. Phys. A 20 (1987) 5677.

C. Ahn and R.I. Nepomechie, Finite size effects in the XXZ and sine-Gordon models with
two boundaries, [Nucl. Phys. B 676 (2004) 637 [hep-th/0309261];

C. Ahn, Z. Bajnok, R.I. Nepomechie, L. Palla and G. Takédcs, NLIE for hole excited states in
the sine-Gordon model with two boundaries, [Nucl. Phys. B 714 (2005) 307 [hep—th/0501047)].

R. Murgan, R.I. Nepomechie and C. Shi, Boundary energy of the open XXZ chain from new
ezact solutions, Ann. Henri Poincaré 7 (2006) 1429 [hep-th/051205g].

C.N. Yang and C.P. Yang, One-dimensional chain of anisotropic spin-spin interactions II.

properties of the ground-state energy per lattice site for an infinite system, |Phys. Rev. 150

(1966) 321.

Al.B. Zamolodchikov, invited talk at the 4th Bologna Workshop, June 1999;
Z. Bajnok, L. Palla and G. Takéacs, Finite size effects in boundary sine-Gordon theory,

Phys. B 622 (2002) 569 [hep-th/0108157].

,20,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JSTAT%2C0510%2CP005
http://arxiv.org/abs/hep-th/0507053
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB754%2C309
http://arxiv.org/abs/math-ph/0604036
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JSTAT%2C0601%2CP003
http://arxiv.org/abs/hep-th/0509069
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JSTAT%2C0602%2CL004
http://arxiv.org/abs/hep-th/0512273
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JSTAT%2C0606%2CP010
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JSTAT%2C0606%2CP010
http://arxiv.org/abs/hep-th/0601107
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JSTAT%2C0505%2CP007
http://arxiv.org/abs/hep-th/0504124
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JSTAT%2C0508%2CP002
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JSTAT%2C0508%2CP002
http://arxiv.org/abs/hep-th/0507139
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JSTAT%2C0608%2CP006
http://arxiv.org/abs/hep-th/0605223
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPAGB%2CA20%2C5677
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB676%2C637
http://arxiv.org/abs/hep-th/0309261
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB714%2C307
http://arxiv.org/abs/hep-th/0501047
http://arxiv.org/abs/hep-th/0512058
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2C150%2C327
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2C150%2C327
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB622%2C565
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB622%2C565
http://arxiv.org/abs/hep-th/0108157

